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Abstract-The commonly-observed phenomenon of steady, viscous, free-surface flow on the outer 
surface of a rotating cylinder is investigated herein. An existence criterion, based on thin-film theory, 
is presented and an expression derived for the maximum fluid load supportable at a given rotation 
rate. Results of the theory are shown to be in excellent agreement with those of an independent, 
numerical, integral-equation approach. 
1. INTRODUCTION 
If viscous liquid is placed on the outer surface of a horizontal circular cylinder, it is common 
knowledge that, if the cylinder is rotated about its axis, a certain amount of the liquid can be 
made to remain on the cylinder, in steady-state equilibrium, to give rise to a free surface of 
stationary profile. 
The generalisation of this process, which has obvious industrial connotations, was investigated 
theoretically by Pukhnachev [1,2] who proved the existence and uniqueness of such a steady flow, 
bounded in part by a moving, solid surface and in part by a free surface. 
If the thickness of the fluid layer is small in comparison with the cylinder diameter, thin-film 
theory may be used to derive an approximate solution for the viscous flow. Moffatt [3] investigated 
the problem in the thin-film limit. Kelmanson [4] presented an extended theory which could cope 
with thicker films and which included terms excluded by Moffatt [3]. 
In order to verify the results of this thin-film theory, summarised herein, we compare with the 
numerical results of Hansen and Kelmanson [5] who use an integral-equation method to solve for 
the flow in the Stokes approximation. They introduce a biharmonic stream function to formulate 
the problem as an integral equation over the free surface. The integral-equation formulation 
has the advantage that there is no restriction on the thickness of the fluid layer which can be 
investigated, hence it is able to extend to parameters beyond those describing a thin-film regime. 
2. THIN FILM-THEORY 
Consider the geometry depicted in Figure 1: C is the outer surface of a circular cylinder, of 
radius a, which rotates about a horizontal axis with a constant angular velocity w. The cylinder 
is covered by an annular layer of incompressible, viscous fluid, the free surface of which is denoted 
by S, the dynamic viscosity of which is p, and the density of which is p. The acceleration due to 
The author wishes to express his gratitude to Erik B. Hansen for numerous helpful discussions during the course 
of this work. 
Typeset by A+@-T@ 
81 
82 M. A. KELMANSON 
X 
Figure 1. Problem geometry and notation. 
gravity, g, acts in the negative y-direction. We assume that the Stokes approximation applies and 
that there is no flow in the direction of the cylinder axis, i.e. the flow is truly two-dimensional. 
T and N are unit tangent and normal vectors respectively, either on C or S. 
In the thin-film limit, azimuthal variations in the velocity field are neglected in comparison 
with those in the radial direction; this leads to the following non-dimensional equation of motion 
for the azimuthal component of velocity: 
u,, = ycos?J. (2.1) 
In (2.1), r and u = U(T, 6) have been non-dimensionalised respectively with respect to a and aw, 
and the non-dimensional Stokes number, y, is given by 
-/=E. 
UP 
P-2) 
If the equation of the free surface is r = 1+ h(6), the boundary conditions enforcing the vanishing 
of shear stress on the free surface and no-slip at the cylinder surface are respectively expressed 
K+Yl,=,,,,,, = 0 and u(1,6) = 1. 
(2.1) and (2.3) may be solved to give 
u(r,@=r- q(r - 1)(2h + 1 -r), 
(2.3) 
(2.4) 
a result which is correct to order 0(h3); this is the same order as terms which would alter 
were the approximation to be extended beyond that of lubrication theory. In the lubrication 
approximation, 0 < h < 1 and, in the steady-state, the total fluid flux, Q, across the fluid film 
is a constant given by 
Q = J”“‘“’ 
YCOSfl h3, 
(2.5) 
1 
udr=h+ih’-- 
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In the thin-film limit, (2.5) implies that 0 < Q < 1 and so we can expand h as a power series in 
Q to obtain 
WW =Q- ~QZ+ [F+;]Q3, (2.6) 
If Q is the maximum flux which can exist for a given Stokes number y, (2.6) gives the maximum 
corresponding supportable fluid load as 
s 2lr LE h@, ‘19) dt9 = c.j(cj2 - 6 + 2)n. 0 (2.7) 
3. MAXIMUM-LOAD CRITERION 
Kelmanson [4] has recently shown that a .steady solution of the problem described in Section 2 
can exist only if the flux Q and Stokes nLlnlLer y satisfy the following condition: 
_1 < 28&y4Q2 + 24y2(5Q + 3) - 1 < 1 
- 
64y3 + (1 + 16y2(1 + 3Q))3’2 - ’ 
(3.1) 
Details of the derivation of (3.1) are lengthy and therefore omitted here. It transpires that, in 
all cases, the “lower” condition in (3.1) is automatically satisfied and, for a given y, the “upper” 
condition provides the maximum flux permissible. 
Since it has already been postulated that 0 < Q < 1, small-parameter expansions can be applied 
to (3.1) in order to extract explicit information from this rather implicit result. Neglecting terms 
of order 0(Q3) and higher, we can show that, if 
pi = (1 + 16~~) 1’2 , (3.2) 
@J = 64y3 + 24y2 + 15, and (3.3) 
p3 = 256~~ - 192y3 - 208~~ - 17, (3.4) 
then Q, the maximum value of Q satisfying (3.1), is given explicitly (and approximately) by 
Q(Y) = Pl(3Pl - 5) + PPl(PlP2 + P3)y2 
24~2wl - 3) 
(3.5) 
The maximum supportable load, L, is then obtained via insertion of (3.5) into (2.7) 
4. RESULTS AND DISCUSSION 
In [5], a stream-function formulation is used to solve the problem both within and beyond the 
limitations of thin-film theory. By using the Greens function 
G (r’, r) = -A Ir’ - r12 In 
rf2 lr” - r12 
Ir’ - r-l2 
- (P - l)(r2 - 1) ) 
where T = Irl E S,r’ = Ix-‘/, and r” = r’/r’2, an integral formula for the stream function at an 
arbitrary point, r’, in the fluid region may be obtained: 
$(r’) = :(I - r’2) + Q + l{ [GTT - GNN] 2, - QG~ - YT W ds- (4.1) 
In (4.1), IC is the curvature of the free surface, CY is a non-dimensionalised surface tension and 
v E 3 is the tangential fluid velocity, in the anticlockwise direction, at the fluid surface. Using 
(4.1), a second integral equation is derived: 
&s)) + 
I 
[GTT-GNN]~, w(s) ds = r’ . N’ + J {(.YIc[GT]N, +yT .j '~f}ds, (4.2) s s 
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Table 1. A comparison of maximum-supportable fluid loads at different Stokes num- 
bers. 
- 
Y 
- 
3 
5 
7 
10 
13 
16 
20 
25 
- 
L LN k,,lI 
3.788 3.415 1.09 x 10-l 
2.473 2.485 4.83 x 1O-3 
1.962 1.943 9.78 x 1O-3 
1.567 1.553 9.01 x 10-s 
1.339 1.354 1.11 x 10-2 
1.186 1.172 1.19 x 10-2 
1.045 1.092 4.30 x 10-s 
0.922 0.897 2.79 x 10-2 
where s’ E S. (4.1) and (4.2) are used alternately and iteratively to establish the location of 
the free surface S. The subscript N’ in equation (4.2) implies differentiation with respect to 
the outward normal as r’ --+ r E S. The maximum value of &, in (4.1), for which the method 
converges is taken to be 0~. At this maximum value, the area of the fluid region is taken to 
be LN. 
In Table 1, we present a comparison between the maximum fluid loads, L, predicted by the 
theory of Kelmanson [4], and LN, predicted by the integral-equation technique of Hansen and 
Kelmanson [5]. The final column, showing the absolute relative error 11 - L/LNI, indicates 
the excellent agreement between the two approaches, over a wide range of Stokes numbers. A 
graphical portrayal of the agreement of results is given in Figure 2. 
1 
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Figure 2. The maximum Ruid loads predicted by two methods: n Hansen and 
Kelmanson [5]; - Kelmanson [4]. 
5. CONCLUSIONS 
Using thin-film theory, a new criterion for the existence of a steady, viscous film on the outer 
surface of a rotating cylinder has been presented and verified as accurate by comparison with 
results derived from a completely-independent, numerically-based formulation. Application of 
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the numerical method is not restricted to thin films. The maximum fluid loads predicted by each 
method are in excellent agreement with each other. 
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